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1. Introduction 

A general n-point one-loop amplitude in a massless theory such as QCD can be 
expanded in terms of integral functions, 

AjT loop = $> J l + E^ J 3 + E e k I$ + R, (1.1) 

i£C jev k£S 

where Ci,di,ei and R are rational functions and the J4, J3, and I2 are scalar box, 
triangle and bubble functions respectively. The mathematical form of these integral 
functions depends on whether the momenta flowing into a vertex are null (massless) 
or not (massive). This decomposition suggests a "divide and conquer" approach to 
evaluating one-loop amplitudes where different techniques are used to evaluate the 
different types of coefficient. 
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In principle, traditional Feynman diagram techniques, combined with reduc- 
tion strategies can be used to compute the integral coefficients [0], §]. Considerable 
progress has been made in implementing this strategy, however the degree of com- 
plexity rises rapidly with the number of external legs and the current state of the art 
is in the computation of five and six-point amplitudes (see for example [|, f|). 

Alternate approaches based on the physical properties of amplitudes have proved 
competitive or superior, particularly in computing amplitudes with enhanced sym- 
metry, such as those appearing in supersymmetric theories, or for amplitudes with 
particular helicity configurations. Two particularly powerful methods have been 
those based on unitarity and factorisation. The conjectured duality between the per- 
turbation theory of gauge theories and string theory || has provided added insight 
to these approaches, particularly with respect to complex factorisation. 

The unitarity method || [7| , combined with a knowledge of a basis set of integral 
functions for an amplitude, provides a systematic way of calculating loop amplitudes. 
Two-particle cuts provide sufficient information to identify many of the coefficients 
in eqn. particularly in cases where the amplitude is "cut-constructible" || [7|, 
|L P, [TO, ITT], O, |13|. In addition, extending to D-dimensional unitarity, in principle, 



provides the information to calculate the rational parts [T3]. Three and four particle 
cuts may also be used to identify coefficients of triangle and box functions || [TJ|, |TJJ. 
For the box coefficients, quadruple cuts |T5j are particularly simple since the loop 
momentum integration is frozen by the insertion of four 5-functions. 

The analytic structure of the cut integrals appearing in the unitarity method can 
also be exploited to obtain coefficients. For example, the "holomorphic anomaly" 
provided an insight into the differing analytic properties of various integral functions 
in the two-particle cuts |T7|, [TR |TJ§. Various techniques have been developed to 



identify the integral coefficients based on the analytic structure of the integrand of 
the cut 0, [TO], gUJ. 

In this paper we explore some recent suggestions for evaluating the coefficients of 
the "three-mass triangle" integral functions I^ m (Ki, K 2 , K 3 ) (Kf ^ 0) by using the 
analytic structure of the triple cut. In ref. [^TJ an algebraic technique was presented 
for obtaining these coefficients. In this paper we review and refine this technique and 
present a version that uses a single contour integration. 

Although we can divide the amplitude into separate coefficients, in general, dif- 
ferent integral coefficients are related by a rich web of "spurious singularities" . These 
are singularities that are not present in the full amplitude but which appear in in- 
dividual coefficients. This structure is particularly rich for the three-mass triangles. 
We explore and use this to obtain compact expressions for these coefficients in the 
M = 1 contributions to six gluon scattering. These provide alternate forms to those 
originally calculated in ||. We present formulae for the n-point "next-to-MHV" 
(NMHV) M = 1 contribution and describe how results may be obtained in the 
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iV = and beyond-NMHV cases. 



2. Organisation of Amplitudes 



For one-loop amplitudes with external gluons in QCD it is convenient to decompose 
the contribution from gluons circulating in the loop into pieces corresponding to 
complex scalars or supersymmetric multiplets circulating in the loop, 



^1— loop 



A Af=4 a a J\[=l chiral , a scalar 



(2.1) 



The A^ =4 component consists entirely of box integrals. The terms we look at in this 
paper are the A^ =1 chiral contributions. These amplitudes may contain any of the 
integral functions (but not rational terms). Furthermore we consider the amplitude 
to be colour ordered and focus our attention on the leading in colour component 
from which the full amplitude can be obtained 
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The integrals appearing in the amplitude may be box, triangle or bubble func- 
tions. We are interested in the contributions of three-mass triangles. The relevant 
integral function is defined by, 



r3m 
J 3 



% (47T 



,2-e 



d 



'4-2e 
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,4-2e 



p 2 (p-K 1 Y(p + K 2 
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(2.2) 



and can be written as fl23| , 

4=£ 



j3m 
J 3 



1 - iSj 



Li 2 



1 zlHi 

1 + iS, 



0(e) , (2.3) 
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A 3 = —(Ki) - (K*y - (Klf + 2K{Kl + 1K[KI + 2K 2 2 Kl 



;2.4) 



;2.5) 



The other integral functions we will encounter can be obtained in many places 
e.g. [0]. The one-mass triangles depend only on the momentum invariant of the 
massive leg, K 2 , 



ll m {K 2 ) = ^( 
e z 



-K< 



-l-e 



G(K 2 



(2.6) 
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where r-p = T(l + e)T 2 (l — e)/T(l — 2e). The two-mass triangle integral, 

T 2m( ts2 t^2\ r r ( — K\ ) 6 ~ ( — K%) 6 (n v \ 



can be expressed as one-mass triangle functions, 

J^ 2 , Kl) = { _ R?) 1 ( _^ 2) (G(^ 2 ) - , (2.8) 

and we can drop these functions from our basis of integral functions in favour of 
G(K 2 ) functions. The box functions may be found in many places, for example 
ref. [p4j ||. We need the form of one of these, namely the integral function where 
two adjacent legs are massless; the so-called "two-mass hard" function. If k\ and k 2 
are the null legs, defining S = (k% + k 2 ) 2 and T = {k 2 + K 3 ) 2 we have, 



I 



2mh = ~ 2r T 
4 QT } c 2 



-sr + (-Tr - {-Kir - (-Kir 



ST 1 ' - (2 9) 

-Kj)r-Kl)r , , T; / Kj\ , t; / KP > U 



2e 2 (S)-< + 2\t) +U2 \ 1 ~t) + Li2 V~T 

The coefficients of the integral functions will be expressed as rational functions of 
spinor inner-products [p5fl , (j Z) = (k~\kf), [j 1} = (k^\k^), where \kf) is a massless 
Weyl spinor with momentum ki and chirality ±. We use notation where, 

(kt\K bcd \kt) = [a\K bcd \e) = [ab] (be) + [ac] (ce) + [ad] (de) . (2.10) 

As in twistor-space studies we define, 

\ = \K) , \ = \k~) . (2.11) 



3. Singularity Structure of Six-Point Three-Mass Triangles 

In this section we look at the three-mass triangle integrals found in six-point one-loop 
gluon scattering amplitudes. The only non-vanishing three-mass triangle coefficients 
appear in the NMHV amplitudes, of which there are three inequivalent forms: 

A(l~, 2~ 3" 4+ 5+ 6 + ) , A(l~, 2", 3 + , 4~ 5+ 6+) , A{1~, 2+ 3~ 4+ 5~ 6+) . 

(3.1) 

The first of these was calculated in ref. |IIJ and contains no three-mass triangles, 



as can be seen from the triple-cuts. The remaining two were computed in ref. 
using the analytic structure of the two-particle cuts. Although correct (as verified 
by numerical comparison to a Feynman diagram calculation ||), these expressions 
contain irrational expressions involving the square root of the Gram determinant of 
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the three-mass triangle, y/A^. We produce expressions with the correct singularity 
structure which explicitly do not contain these irrational terms. 

We start by considering the amplitude A(l~, 2 + , 3~, 4 + , 5~,6 + ). As for any su- 
persymmetric amplitude, the cancellations occurring at one-loop imply that no ra- 
tional terms appear J7|. Further, by examining the unitarity cuts, we see that only 
one-mass and two-mass hard boxes appear and, as discussed above, we choose a ba- 
sis where the two-mass triangles are replaced by one-mass triangle functions, G(K 2 ). 
We thus have, 



A A/ '= 1 (l-,2 + ,3-,4 + ,5-,6 + ) = J2 c l mi l mi + J2 c ^ mh ^ mki + I> t G( Sjm ) 



i=l 



(3.2) 



+ G(t ii+li+ 2) + d\ m ii m 1 + 4 m i 3 3 m 2 + ^ + E ^ 



i=l 



i=l 



i=l 



where both of the three-mass triangles, 7| m 1 (Ki 2 , -K34, K 56 ) and 7| m 2 (K e i, K23, -^45), 
appear. The labelling of functions is specified below, 



j2mh i 
1 4 



i + 2 
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Tim i 
J 4 
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We shall see how much of the amplitude can be reconstructed from the singularity 
structure: both real and spurious. Our starting point is the box coefficients p6|, 



Am 



2mh 



[2\K\5ni\K\5)[3\K\5) 
[1 3] 2 (45) (56) [1\K\A)[3\K\Q)K 2 

[2\K\5n3\K\5)[2\K\A) 
[1 2] (56) [3\K\Q)[1\K\A)[3\K\A} 2 



2 

S34K 2 



K = K 123 , 
K = K 123 . 



(3.3) 



We will see that these completely determine the coefficients of the one-mass triangles 
and determine much of the three-mass triangle coefficients. 



3.1 Infra- Red Singularities 

One of the major constraints on the triangle coefficients comes from requiring that 
the amplitude has the correct infra-red singularities. The box integral functions with 
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massless legs and the one-mass triangle functions both contain ln(i^ 2 ) / e singularities. 
We then have, 



o 



(3.4) 



di G(K 2 ) 

L *-^> \\n(K 2 )/e 

for the M = 1 chiral multiple where such singularities do not appear in the amplitude. 
These constraints fix the coefficients of the G(K 2 ) in terms of the box coefficients. 

For the M = 1 multiplet, one could choose a basis in which the coefficients of 
the one-mass triangles are zero. There are several options for doing so: firstly one 
can choose the basis of "six dimensional scalar box functions" as in |19| or one can 
choose a basis of functions where the IR singularities have been subtracted as in |J. 
In the first case the D = 4 boxes and D = 6 boxes are related, using the notation of 



ref. 24 



T D=4 
1 4 



1 

2N~ A 



^ 74 4 l) + (-l + 2e)A 4 /f= 6 



(3.5) 



where ig is the descendant triangle in which the z-th propagator is deleted. If we 
change the basis of box integral functions, the coefficients of the triangles, including 
the three-mass, are shifted, 



di 



O AT ^ox 



(3.6) 



Although transforming to this basis is instructive, we will continue to use the 
basis of D = 4 integral functions. 

3.2 Spurious Singularities 

Looking at the box coefficients we see that factors such as, 



1 



and 



1 



n2 ' 



(3.7) 



[3|X 123 |4> 2 [13] 

appear. The first of these is singular when the momenta are arranged such that, 

k£ + k% = ak% + (3k% , (3.8) 

and such singularities are termed co-planar 1 . These singularities are spurious, mean- 
ing they may appear in individual terms within an amplitude but disappear when the 
entire amplitude is constructed. These coplanar singularities do not cancel amongst 
the boxes, but cancel between the boxes and the other integral functions. For real 
momenta these singularities occur when, 



2 / \ 

^123 + ( s 34 — S56 — s 12) ^123 + ^56 Sl2 



0. 



(3.9) 



1 For real momenta [4|i4T|3) and [3\K |4) vanish simultaneously. However, by continuing to com- 
plex momenta we can find a point where only one of them vanishes, e.g. if k% + k 2 ~ A,j.A 3 + X^y, 
[3 1 if 1 4) = but [A\K 1 3) + 0. 
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At the coplanar singularity the link between the box coefficients and the one-mass 
triangles implies that the latter also have coefficients with quadratic singularities. 
However the cancellation of the spurious singularities extends beyond these functions. 
At this singularity the dilogarithms within the two mass hard function simplify since 
si 2 = a/?s 34 , s 56 = (1 + a)(l + (3)su and £123 = a(l + /?)s 34 , leading to, 



j2mh 



Li, 1 



1 



oc , 



+ Li 2 1 







(3.10) 



These must cancel against another integral function containing dilogarithms: the 
three-mass triangle being the only possibility. The cancellation of spurious singular- 
ities can thus be expressed as, 



[ Ci li + dill mi + d 3m ll ml 



finite . 



(3.11) 



J [a\K\b)=a 

This imposes a significant constraint on the three-mass triangle coefficient. One 
approach is to change basis to one where this cancellation is automatic. This process 
is essentially the same as that of ref. || where the three-mass triangle functions 
arise in e + + e~ — > four parton scattering. We can generate this combination using 
the identity (|3.5| ). 



r-D=4 



2N d 



5^ a ™ l - 



(0 



•1 + 2e) 



A 



2Na 



4 T D=6 



(3.12) 



For the two-mass hard box we have, 



2N d 



ST 2 



[i\P\i - - 



(3.13) 



Thus — > at the coplanar singularity and since If 6 is finite at this 
(unphysical) singularity we must have, 



T D=4 

i A 



2N A 







(3.14) 



at the coplanar singularity. Up to a scaling factor this is precisely the Ls\ function 
of ref. 0. As this combination includes a three- mass triangle, the coefficient of this 
three-mass triangle in the D = 4 basis must contain a term, 



a ili „2mh 
"Ca 



2Na 



(3.15) 



which suggests the term, 



[2|#i 23 |4) [2|X 123 |5) [3|K 123 |5) [2|K 123 |5) (2 Sl2 s 56 - (s 12 + s 56 - s u ) t 



123 J 



[l|#i 23 |4) [3|if 123 |4)'[3|ir 123 |6) t 123 



2(5 6) [12] 



(3.16) 
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within d 3m . Since the three-mass triangle is the "daughter" of three different two- 
mass-hard boxes, each with a different quadratic singularity, we have three such 
terms in the coefficient. 

This expression gives an amplitude from which the quadratic spurious singularity 
is absent. However we have introduced a further fictitious singularity : a t 123 pole. 
The three-mass triangle should not contain such a pole. We can "fix" this by adding 
an extra term, giving, 



[2|X 123 |4) [2\K 123 \5) [3\K 123 \5) f[2\K 123 \5)(2s 12 s 56 -(s 12 + s 56 -s M )t 123 ) 



[l|Xi23|4)[3|X 123 |4) 2 [3|X 123 |6)i 12 3 



2(5 6) [12] [3|X 123 |4) 



f(13)[64] 



(3.17) 

This process fixes the leading quadratic coplanar pole. Fixing the remaining linear 
singularity gives more terms in the amplitude. Repeating the process as before we 
can deduce that, 



rD=4 



[3|X|4) 2 I 4 2N 4 



Y a ^ iL - 



+ 



(2N A y 



at the coplanar singularity. The function, 



Y a ^ L - 



D=6,(i) 



finite , 
(3.18) 



■h = I IP = 4 - 



1 

2Nl 



Y ailiL - 



(0 



+ 



(2N 4 y 



Y aiiiL - 



D=6,(i) 



(3.19) 



is a combination of the D = 4 two-mass box, D = 4 triangle functions and D = 4 
bubble functions. If we took the box coefficients and used the J4 functions as a basis 
rather than the I4 functions, we could extend the box contributions, 



4 5 



(3.20) 



to obtain an expression containing much of the three-mass triangle and bubble 
contributions to the amplitude. This would be an expression without [3 1 ^123 14) , 
[l|i^ 56 i|2) or [5 IX345 1 6) singularities. It may however contain linear singularities due 
to [5 1^56! 1 2), [1|X 456 |4) or [3|X 123 |6> vanishing. 

Looking carefully at the full singularity structure, after some trial and error, we 



- 8 - 



are led to the expression for the three-mass triangle coefficient, 



4r+} ,(3-4+>,( 5 -6 +} ] x H) 



[4)^345 1 1) [5|^345 1 1) [4|^345 |6) / [4| ^345 1 1) (2s 12 S 3 4 + (s 56 ~ gig ~ S U )t 345 ) , v r , 

[5|#345|2>[3|#345|6>[5|#345|6>t 3 45V 2 (1 2) [3 4] [5| AT 3 4 5 |6) ^ ' l J 

^ll + (51)[42] 



[6|^561 1 


2)[l|Ar 5 6i|3)[6|Ar 56 i|3) 


[l|^56ll 


2)[5|^ 56 il 


2)[l|i^56l|4>t 5 61 



2(3 4) [5 6] [1 \K m |2) 
[2|ir 12 3|4)[2|K 12 3|5)[3|^ 123 |5) /[2|AT 123 |5> (2s 12 s 56 — ( S 12 + S56 — ^34)^^3^ 



+ (13) [6 4] 



[l|^ 123 |4)[3|^ 12 3|4)[3|ir 123 |6)t 12 3V 2(56) [12] [3|K 123 |4) 

(13) (35) [26] [34] + (13) (15) [1 2] [46] + (15) (35) [24] [56 ]' 

A 3 

^[5 1 i^ 3 4 5 | 1 ) [4 1 i^ 3 4 5 | 6) (t 345 ~ t 346 ) [6|^56i|2)[l|^ 561 |3)(fe 61 -fe 62 ) [2| A 123 |4) [3 \K 123 \5) (t 123 -t 124 ) 
J5|K 3 45|2)[3|K345|6)[5|K 3 45|6) [l|i^ 6 i|2)[5|i^ 61 |2)[l|i^ 61 |4) [1 1 A^ 123 | 4> [3 1 iT 123 | 4) [3 1 iT 123 | 6 > 

2 [6|if 234 |2) [2|^45 6 |4) [4|K 612 |6) - [5|ir 345 |l)[l|K 561 |3) [3|^ 123 |5) N 
[5\K 5ei \2) [1\K 456 \A) [3\K 456 \6) 

(3.21) 

We have confirmed this expression by comparison with a numerical evaluation of the 
triple cut. This provides an alternative form for the coefficient previously obtained in 
ref. 0. Our form is free of irrational expressions and has a more manifest singularity 
structure. 

We also obtain a rational form for the other six-point three-mass triangle coeffi- 
cient, 

4r +M4 ' 5+M6+i - 11 x h) = 



+ 



[26] [2|K 3 45|4)[6|^34 5 | 
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q6|#34 5 | 
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(51)[3|^ 2 34|5)[3|K 234 |1) | 


f[3|# 234 | 


2 [61] (4 5) [2|# 345 |3) 

l)(2s 23 S6l + (S45 — S 23 — ^61)^34) 


(5 6) [4|K 2 34|5)[2|K 2 34|5)W 


I 2[2 3](16)[4|K 234 |5) 



[13] (64) [3|# 123 |4) /[3|^ 123 |4>(25 45 5 2 3 + (sqi — S45 — S 2 3)ti 2 3^ 



12] (5 6) [l|i^i 23 |6)t 123 \ v 2 [2 3] (4 5) [l|iT 123 |6) 

(4 2) (2 1) [3 2] [6 5] + (4 1) (2 1) [6 1] [3 5] + (4 2) (4 1) [4 5] [3 6] 

A 3 

x , 2 [26] (65) [36] (64) -(51) [12] (41) [13] + [1 3] (4 6) (t 123 - t 623 




12](56)[2|K 561 |5) <5 6) [12] [l|iT X23 |6> 

[26][2|ir 3 45|4)(t34 5 -t 245 ) (5 1)[3|^234|5)(t 23 4 -t 235 ) 
[12] [2|ir 3 45|5)[2|^34 5 |3) (56) [2|^ 234 |5) [4|^ 234 |5) 

(3.22) 
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which we have again confirmed by comparison with a numerical evaluation of the 
triple cut. 



4. Analytic evaluation of the Three-Mass Triangle Coefficients 



In this section we explore and refine some recent suggestions for using the analytic 

to evaluate the three-mass triangle coefficients. 



structure of triple cuts |2T], ^(| 

Consider a triple cut in an amplitude where all three corners are massive, 




C 3 = d%5{tl)8{ll)5{l$A x ({t Q ) h \i 



\-h2 



"mi i "] i 



(4.1) 



where the summation is over all possible intermediate states. As the momentum 
invariants, K m = k im + k im+ i + + etc, are all non-null, there exist kinematic 
regimes is which the integration has non- vanishing support for real loop momentum. 
If we expand the amplitude in terms of a basis of integral functions fll.l]) , the only 
integral functions contributing to the triple cut are box functions and the specific 
three-mass triangle for the cut, 



triple— cut triple— cut 

i 

2^ - + d3m ^7= 



(4.2) 



For the two-mass hard and three-mass boxes that arise in the six and seven-point 
examples we discuss, the cuts of the box integral functions are, 



1 



TT 



1 



TT 



-2mh 



2(h + k 2 ) 2 (k 2 + K 3 ) 2 ' k 



3 m 



2[(k 1 + K 2 y(K 2 + K 3 y-KlK 2 



(4.3) 

We will discuss the overall sign below. 

Alternatively we can perform the cut integral (|4. 1|) . The triple cut is a one- 
parameter integral which can be calculated using algebraic methods |?T|. We review 
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the procedure for the general triple cut emphasising the geometric interpretation in 
the three-mass case as a contour integral. 

The first step is to find a suitable parameterization of the cut momenta which 
satisfy If = with l x — l — K x and ^2 = ^0 + K 2 . As Yl^i = 0' the momenta 
Ki define a plane. Within this plane there exists a momentum, <Zq, satisfying Oq = 
(00 - Kxf = (ao + K 2 f. Explicitly fH, 



Kj Kl .K 2 + Kl K\ K X -K 2 + JQ 

~ 2 K\K 2 - {K x ■ K 2 f 1 2 K\Kl - (K x ■ K 2 f 2 ' 1 } 

In the three- mass case, |ao| 7^ 0, the cut momenta are real and for ao time-like can 
be parameterised in the form, 

t = + p(cos em" + sin On") , (4.5) 



where p = a/— a 2 , an d < # < 27r. The vectors m and n are mutually orthogonal unit 
vectors which are orthogonal to the (Jfi, K 2 ) plane; (m-n) = (m-Ki) = (n-Ki) = 0. 
For ao space-like, a hyperbolic parameterization can be used. If we now define 
the complex null momenta, r = |(m + in) and r = £(m — in), we recover the 



parameterization used in [20, 21 



tr» + -r» + a? , (4.6) 



where t = e l9 , a\ = — K\ and a 2 = ao + i^2- 



We can define null momenta Ki in the plane of the Ki via |2T 



£1 = 2 7 ' 2 (k, - ^K 2 

<Y 2 / K 2 \ { ' 

where 7 = K\ ■ K 2 + \\J — A3. In terms of the i^, 

r ~ A^ 2 A Xl , r ~ ^k^k 2 ■ (4-8) 

(We will drop the "hat" on when it is clear from context that we are referring to 
the null form.) 

For the spinors this parameterisation corresponds to, 

\ — Affi + oc 01 X K2 , \ - J {p^K 2 + "02^) , (4.9) 

where, 



2 The t in our parameterization and that in pj] are related by a scaling 
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With the parameterization (|4.6|) it is clear that the cut integration becomes a 
contour integration over the complex variable t with the contour being the unit circle. 
The integral then becomes, 



J dH\[5^)(.) — > f dtJ t {.), (4.11) 



where J t = 1/ (4t a/A^s) is the Jacobian. Regarding t as complex allows the integral to 
be performed analytically using contour methods. In the three-mass case the contour 
is well specified. 

Parameterising the loop momenta according to (|4.6| ) the product of tree ampli- 
tudes A\ A2 A3 is a rational function of t. This rational function will have simple 
poles at t = ti 7^ and, possibly, non-simple poles at t — 0. Poles in this product 
at t = ti ytz arise when one of the tree amplitudes factorises and some momentum, 
P(t), becomes null: 

a ^ Ai w Ab> (412) 

where A^ and Ar are tree amplitudes evaluated at the momenta where P 2 vanishes. 
In general P 2 = gives two poles. For the six and seven-point examples we discuss, 
one of these poles gives the box contribution while the other gives no contribution. 
In these examples each box has at least one massless corner and we have P = I ± a, 
where a is the external momentum of a massless corner. Poles arise when either 
(la) =0 or [I a] = 0. The original tree amplitudes will only contain one of these 
poles, so only one of the poles can contribute to the triple cut. If the appropriate 
pole is inside the contour of integration, the contribution to the triple cut is of the 
form, 

(A x A 2 A ZL A m 

2m ties 

V 4tv^P 2 



(4.13) 

t=u 



By comparison with the quadruple cut procedure, we see that the product of on- 
shell tree amplitudes reproduces the box coefficient up to a factor of 2. It is useful 
to compare the rest of this expression to the triple cut of the corresponding scalar 
box, 

1 f dt 1 . 

*(/ -P) 2 J 4tv^p2 ^ > 

This has poles in identical positions, but both could in principle contribute. Denoting 
the two t- values for which (Iq — P) 2 vanishes by t±, we have, 

1 -1 -1 



t{£ -P) 2 (2f ■ P)(t - t+)(t - t-) [2r-P){t + -t_)\t-t + t-t_)' 

(4.15) 
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The two poles thus have equal but opposite residues. In the three-mass case, t+ and 
t- are the roots the quadratic equation, 



2r • Pt 2 + (2a ■ P - P 2 )t + 2r ■ P = , (4.16) 
so the product of the roots is, 

t+t_ = T —- - |M-I = 1- (4-17) 
r ■ P 

One pole is always inside the unit circle and one is outside. Thus the triple cut of 
the box function always gives a contribution, but the sign depends on the kinematic 
point. In contrast, the original triple cut integral only receives contributions if the 
appropriate pole is inside the contour of integration. 

In general (Ai A 2 As) ft can also have a pole at t — and we denote the residue 
of this pole by p . Using both approaches to evaluate the triple cut integral we then 
have, 



C3 = 5>a- W )5 + = E _ ( - ir -„„! + d3ro _^_, (4 , 8) 



where, r» = — (— l) 01 - 1 1*^/^. We can rearrange this to give an expression free from 
6 functions, 

= y - c ± + d 3m — L= = s = s hox + <s triangle , u m 

which relates po to a specific sum of box and triangle contributions. The box con- 
tributions are readily calculated either by quadruple cuts or by using the fact that 
they are half of the f ^ residues. The latter approach provides a realisation of 
the quadruple cut procedure that is amenable to automation pl| . The three-mass 



triangle contribution to po can thus readily be identified. A slightly different formu- 
lation involving integration over two different regions (corresponding to the interior 
and exterior of the unit circle in this case) was presented in |[21|| . 

For any n-point NMHV amplitude the three tree amplitudes in the triple-cut of 
a three-mass triangle are of MHV type. When we parameterise the integral by t, 
each tree amplitude has a t _1 factor since each contains a factor and, for 

example, 

(kh) 



[r|f fi|r] [r\(tf + t~ l r + a Q )(tr + t~ l r + a - K x 



[rl Q ][kr] [rl ][hr] 

[r\tf(a - Ki) + ta f + a (a - Ki) \r) 
~ [rl ] [hr] 

[r|f(ao — K\) + aof|r] — [r|r\Ki|r] 

= 1 [rl ] [hr] = * [rlo] Pi r] 



(4.20) 



13 



using the orthogonality properties of r, f, ao and K\. The [rli] factors cancel overall 
as the product of tree amplitudes has no spinor weight in /j. Thus, for each particle 
circulating in the loop, the integrand has a t~ 3 factor and p must be extracted by 
expanding around this triple pole. 

For the M = 1 coefficients we present, summing over the particle types leads to 
cancellations. Relative to the case of a scalar in the loop, the M = 1 multiplet has 
an overall factor. Denoting the three negative helicity external legs by m,, this factor 
is, 

((Z mi) (h m 2 ) (h m 3 ) - (l 2 mi) (l m 2 ) (h m 3 )) 2 
(l Q mi) (li m 2 ) (l 2 m 3 ) (l 2 mi) (l m 2 ) (h m 3 ) 
Cancellations in the numerator give this expression an overall factor of t 2 implying 
that the full M = 1 integrand diverges as t~ l . po can then be extracted by taking a 
derivative: 

po ~ Ut(AiA 2 A 3 )) . (4.22) 
dt\ J t — ► o 

For M = 4 the overall factor is that of M = 1 squared and thus introduces a t 4 factor. 
For these amplitudes it is thus trivial to see that po = and there are no three-mass 
triangles present in the expansion. This argument easily extends to show that there 
are no three-mass triangles present in Af = 8 supergravity |29| . 



5. Canonical Forms 

We can use the techniques of the previous section to derive canonical forms for 
evaluating the coefficients of three mass triangles from the triple cut. In general we 
wish to expand the product of tree amplitudes in the triple cut as a sum of standard 
forms. Let us take as the starting point a term of the form, 

{a t Q ) 

and let us carry out the parameterisation of given in (|4.9| ) including a factor of 
t^ 1 from the measure to obtain the following integrand, 

(t (K 1 b)+a 01 (K 2 b)) _ l (K 2 b) {(K 2 a) (Ki b) - (Ki a) (K 2 b)) 
t\t(Kia) +a i(K 2 a)) t (K 2 a) + (K 2 a) (t (K x a) + a 01 (K 2 a)) ' [ ' } 

provided that (a Ki) ^ 0. The contribution to the three-mass triangle is the residue 
at t — minus half the residue at t ^ 0, namely, 

(K 2 b) {(K 2 a) (Kib) - (K ia ) (K 2 b)) 
(K 2 a) 2{K 2 a){Kia) 

((K 2 a) (Kib) + (Kia) (K 2 b)) 

2(K 2 a)(Kia) ^ 
_ (a\(kik 2 -k 2 Ki)\b) _ (a\(KiK 2 - K 2 Ki)\b) 
2{a\k 1 K 2 \a) 2{a\K 1 K 2 \a) 
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with the Ki as defined as in eq. (4.12). When (aK\) = (i.e. A a ~ A^J there is no 
t 7^ pole and we have, 

(lob) (K 2 b) 



fold) (K 2 K X ) 
Next, consider expressions of the form, 

(a£o) (bio) 
(i Q \K x K 2 \i ) ' 

which are evaluated by replacing the by 



(5.4) 



(5.5) 



(alo) (bio) 1 (a£ )(b£ ) _ 1 (a l ) (&jo) 

(41^^14) (i - iqtqft*) (l^KM (1 - ^M/t 2 ) [#i # 2 ] (Ar 2 4> 

(ojo) / (6gi) (6AT 2 ) 

(5.6) 

which is two terms of the form ( |5.4|) . After some algebra, we can combine these 
terms to obtain, 



(to a) (46) (fl|(^2- _ (a|[^i,^2 

(4 

We can extend this to 



,\K x K 2 \l Q ) trian9le A 3 A, 



(5.7) 



(5i 



(4 a) (Ipj) (4 c) (6| [if 1 , Kg] M)(c| [if 1 , K 2 ] \ a) - A 3 (6 d) (c a) 

(41^1^14) (£ d) -^ tria ^ le 2A 3 (d\K 1 K 2 \d) 

(db) (dc) (a\[K u K 2 ]\d) 
+ 2(d\K 1 K 2 \d) 2 

This result will be sufficient to obtain the three-mass triangle coefficients for the 
n-point NMHV M = 1 contribution. 

For a general M = 1 amplitude we also need, 
[A\£ \b) (£ c) [A|a |d)((d|[A: 1 ,A: 2 ]|6)(d|[Ar 1 ,A: 2 ]|c) - A 3 (db) (dc)) 

(£ d) ^ tria ^le 8(d\K 1 K 2 \d) 2 

[A\a \b)(d\[K 1 ,K 2 \\c) + [A\a \c)(d\[K h K 2 }\b) 
A(d\K 1 K 2 \d) 

(5.9) 



6. n-Point NMHV j\f = 1 Results 



We consider an n-point amplitude with three negative helicity legs m^. The triple 
cut vanishes unless there is precisely one external negative helicity leg at each corner. 



The product of the tree amplitudes will be, 



r + 1+, • • • , mr, • • • , s + , -t~ x h ) x A(£ h 1: a + 1 + , • • • , m 2 ", • • • , t + , -£ 2 h ) 

h=0,±l/2 



x A(e*,t + i + 



, • • • , 77l 3 , • • • , T , Zq 



= A(£° ,r + l+ r --,m^ r --,s + ,-£° 1 ) x A(£?, S + lV--,m 2 -,---,t + ,-^) 
x A(£° 2 ,t + l + ,---,m 3 ,---,r + ,-£° )x p. 

The p-factor arises from summing over the multiplet and is, 

( (mi t Q ) (m 2 £) (m 3 4) - (»i 4) (m 2 £ 2 > (m 3 4) ) 2 



(6.1) 



(mi 4) (m 2 4) (m 3 £ 2 ) (m 1 £) (m 2 £ 2 ) (m 3 £ ) 

(X£p) 2 

(mi £ ) (m 2 £) (m 3 £ 2 ) (m, £) (m 2 £ 2 ) (m 3 4) [4 ' 



(6.2) 



where, 

\X) = ImJdmzlKzK^m) + (m 2 m 3 ) (K 2 2 - K 2 )) + |m 3 ) (m^K^m,) . (6.3) 

The cut is of the form, 

1 (milo) (mi fx) (m 2 £i)(m 2 £ 2 ) 

X T - " : — ; " — : — ~ ~ — r~ X " 



Yl^ r ,s,t (H + l) (4r + 1) (s£) (£i£o) (li s + 1) (t£ 2 ) (£ 2 £) 



(m 3 £ 2 ) (m 3 £ ) (X £ y 

X ~r~ ; — ; ~ — ; — ~ ~ — r - X 



{£ 2 t + l)(r£ )(£ £ 2 ) [£,£ 2 ] 2 ■ 

(6.4) 

In this we can combine, (£ x £ ) [£ x £ 2 \ (£ £ 2 ) = -(^K^Q and (£ 2 £)\£ x £ 2 \ = 
—K 2 . We can write (|6.4|) in terms of just one of the cut momenta using identities of 
the form, 

(life) _ (I0I2HI2I1KI16) _ {t \K 2 K 3 \b) (£ b 32 ) 
(4 a) (V 2 )[44](M (£ Q \K 2 K 3 \a) (£ a 32 )' 

where we use the compact notation |a ij ") = KjKi\a). This gives, 

1 Mo) (mf£ ) (mf£ ) (mflo) (m 3 £ ) (mf £ ) (X £ ) 2 

X ~ — ~ ; ; X 



K 2 3 U^ r ,s,t (H + 1) (toy) (tolK&fa) ' 

(6-5) 

where Yq = {r, r + 1, s 32 , (s + l) 32 , £ 31 , (£ + l) 31 }. Using partial fractions this can be 
written as, 

1 x >p (m 32 y) (mf y) (mf y) (m 3 y) (mf y) (m x £ ) (X £ ) 2 

(6.6) 
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This is simply a sum of canonical forms (|5.8|) and so the three-mass triangle 
coefficient is, 

-i \- (mf y) (mf y) (mf y) (m 3 y) (mf y) 



(m^KuKMiXljK^K^X) (yX)(ym 1 )(X\[K 1 ,K 2 ]\y) 
2A 3 (y\K 1 K 2 \y) 2(y\K 1 K 2 \y)* 

(6.7) 

7. Beyond NMHV and N = 

We can, in principle, use the methods described above to obtain the three-mass 
triangle coefficients for amplitudes beyond NMHV or with less supersymmetry, i.e. 
M = 0. In this section we outline how this may be performed. 

In general the product of the tree amplitudes will be a sum of terms which we 
treat individually. The first step is to turn each term into a function of a single loop 
momentum, say £q = £. Furthermore we will make this a function depending pre- 
dominantly on terms such as (a i) rather than [a £] . We can do this via replacements 
such as, 

(tib) (44)Mi]<4&> (£\K 2 K 3 \b) 



(tia) (4 4) \h h\ (£i a) (£\K 2 K 3 \a)' 

M _ (£\K^\ 

[£ia] (£\Ki\a]' 

[£o b] (£ £2) [£2 £1} (£1 £0) [£o b] (£\K 2 K 3 K x \b) 



(7.1) 



[to a] (£ £2) [£2 £1] (£1 £0) [to a] (£\K 2 K 3 Ki\a)' 
While it is always possible to make the above replacements for the triple-cut, analo- 
gous replacements are not always possible for the two-particle cut. Carrying out all 
possible replacement as described above, each term in the cut can be written in the 
form, 

n^£% + cm- (7 ' 2) 

We can tackle the massive propagators by utilising the identity, 

1 [C £]- 1 [C\K l (K 1 + Q)Q\£) [C\K x \g) _ 



(£ + Q) 21 1 (£ + Q) 2 (tlK&W {£\K X Q\£) 

Using the parameterization fl4.9p we see that the first and third terms are O(t ) near 
t = 0, while the second is Oit 1 ) 3 . Multiple application of this identity leads to a 

3 It is worth noting that this counting would not have held had the numerators contained 
(l\KxK-2\l) rather than of (£\KiQ\£). Recalling that K\ and K-i are null vectors in the [K\,Kq) 
plane, we see that in this case there are cancellations within the denominator which give it an extra 
overall factor of t. 
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sum of terms of the form, 

fggf (mm,) , (,4, 

together with terms that vanish at t — - these only contribute to box coefficients 
and can be neglected. 

In general the Yang-Mills amplitudes at each corner contribute an effective overall 
momentum power of i x . Thus the M = amplitude contains terms with momentum 
power up to £ 3 . For M = 1 contributions, summing over the multiplet cancels the 
two leading powers and we expect the three-point integrals to go as i 1 and thus 
expect q — p + 1. In this case (|7.4j) is expressed as a sum of canonical terms of the 
form evaluated in (|5.7| - |5.9| ). For general M = contributions we expect terms with 



q = p + 3 which could be obtained using higher power analogues of (K 



8. Conclusions 



We have discussed a range of techniques that utilise the analytic properties of one- 
loop amplitudes to generate the coefficients of one-loop integral functions. By com- 
bining these carefully we have generated explicit expressions for the coefficients of 
the three-mass triangle functions in any NMHV n-point M = 1 amplitude. 
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